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The essence of the CG method

Consider preconditioned system

Ax=b, AeCV*N HPD matrix and be CV.

CG is the projection method which minimizes the energy
norm of the error

X €X0+1Ck(A, ro), re L ICk(A, ro), k=1,2,...
Kk(A, ro) = span{ro, Arg, A’rg, ..., A" 1ro}

1 = xilla = min{[lx —ylla: y € x0 + Ki(A, o)}

CG is a matrix formulation of the Gauss-Christoffel
quadrature

= The CG method is nonlinear.
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Linear bound for the nonlinear CG method

The error in the CG method satisfies

1/2
I = xlla = min. {Zm N (A)} < min o max Jo(N)l[lx — xolla.

= e(0)=1 j=1,...,

deg(sa <k deg(e)<k

The error in the Chebyshev semi-iterative (CSI) method satisfies

csl 1 .
- < Jxw(0 — xolla = Nlllx = xo|a-
Ibe=lla < DO lx = xolla = min | max (M)l = xolla
deg(p)<k

[Flanders, Shortley (1950), Lanczos (1953), Young (1954); Markov (1884)]

Linear bound is relevant for the CSI method and trivially holds for CG

k
k—1
I =l < =5 <2 (YET) =l

[Rutishauser (1959)]
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Idea of composite polynomial convergence bounds

In the case of m large outlying eigenvalues the composite
polynomial

Gm(A)Xk=m(A)/Xk-m(0),  where
gm(A) = (A = An) ... (A = Avemi1),
Xk—m = (k — m)th Chebyshev polynomial shifted on [A1, An—m]

gives for k > m

||X—Xk||A<2(\/Hm—1>k_m
lx = xolla = \v/km+1

)\N—m
Km =

)\1 1

N-m I)‘N»m+1 )‘N

Ay A

[Axelsson (1976), Jennings (1977); cf. van der Sluis, van der Vorst (1986)]

Krylov Day '15

T. Gergelits CG in finite precision computations



CG in finite precision arithmetic

delay of convergence
Short recurrences = loss of orthogonality = &
rank deficiency

Failure of the composite polynomial bound

10° ‘== exact CG
—FPCG I
- - -comp. bound
T I NN N R
@ . o
210 -]
ks
E R
o Se -
2 N
<
.a>_.| 10 10 .
k<t s
[ =
-15
o ‘ AR S .
0 20 40 60 80 100 120 140 160
iteration number
Krylov Day '15 T. Gergelits CG in finite precision computations




Backward-like analysis

CN

cN®w

A, FP Lanczos — Tg
the first k steps

A(k), EXACT Lanczos — Ty

Eigenvalues of /Z\\(k) are tightly clustered around the eigenvalues of A.

[Paige (1980), Greenbaum (1989), Strakos (1991)]

In numerical experiments, A(k) can be replaced (with small inaccuracy)
by an “universal’ A with sufficiently many eigenvalues in tiny clusters
around the eigenvalues of A.

[Greenbaum, Strakos (1992)]

CG in finite precision computations

Krylov Day '15 T. Gergelits



Consequences

Minimization problem which bounds the CG convergence behaviour
in finite precision arithmetic is

min max A
A i 1P
deg(p)<k

with the spectrum of the matrix A

O’(A\) = U {XJ'J, ce. ,}\\j’/} , ij. S [)\j TAWVES A]  with tiny A.
j=1,.,N

Consequently, the upper bound based on the composite polynomial
must be based on

kam()\)
qm()\) Xk—m(o) .

max:
Aeo(A)
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The composite polynomial is very steep in the neighbourhood of the
outlying eigenvalues and thus the corresponding bound (dashed line)

blows up.
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Analysis assuming exact arithmetic is an oxymoron.

55" short recurrences — loss of orthogonality.

=" |ong recurrences — no CG method

Uniform spectrum, small condition number — the CSI method.
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Content of the talk

Krylov subspaces generated by CG in finite precision
arithmetic
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Idea of shift

We relate: k-th iteration of FP CG <= /-th iteration of exact CG

» k— 1 = delay of convergence
» k— | = rank-deficiency of computed Krylov subspace
50F
g a5/
2 a0t
We want to study: 2 35
E‘ 3 rank-deficiency
— kel
”X — XkHA X ||X — X/||A %25— R
Xk X X| § 200
()
J— £ 15¢
Kik(A,r)  x Ki(A, ro) 5
£ 10r
&
o
00 10 20 30 40 50

iteration number

12
Krylov Day '15 T. Gergelits CG in finite precision computations /18 4



Comparison of trajectory of approximation vectors
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Comparison of trajectory of approximation vectors

energy norm

[N
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Comparison of trajectory of approximation vectors

energy norm
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Comparison of trajectory of approximation vect

10° t
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Trajectories of approximation vectors are very similar in space C".
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Comparison of trajectory of approximation

Ax =b cN Az =1b CcN

delay at the k-th step

@ exact computation o ® exact computation
o finite precision computation O finite precision computation

Trajectory of approximations X generated by FP CG computations
follows closely the trajectory of the exact CG approximations x;.
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Comparison of Krylov subspaces

Principal angles and vectors

¥;= min min arccos(p*q)=arccos(p;j*qi), j=1,2,...,1

peF; qegG;
llpll=1 llqll=1
where
_ 1 1
E:]:m{plw"?pj—l} ) gj gm{ql:"'aqj—l} )
F = ’Ck(A, I’o), g = }C/(A, ro).
Comparison of principal angles of subspaces K; and K
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Departure of subspaces

For more difficult problems, the subspaces can depart in few
directions.

Comparison of principal angles of subspaces K;, and K
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1(k)
[data: bus494 from MatrixMarket]
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Summary Il and outlook

I=5" The convergence rate of finite precision CG and exact CG
typically significantly differs.

5" The trajectories of computed approximations are enclosed in a
shrinking “cone’”.

55" Apart from the delay, the computed Krylov subspaces do not
depart much from their exact arithmetic counterparts.

» Study further the properties of principal vectors, find
relationship to the structure of invariant subspaces.

» Study the effect of clustered eigenvalues.
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