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General Framework

We consider a defaultable asset S whose risk-neutral dynamics
are given by:

St = ]]_{t<<}eXt,

dX; = p(t, X;)dt + o(t, X;)dW; +/ dNe(t, X;_, dz)z,

R
dNe(t, Xe_, dz) = dNg(t, X;_, dz) — v(t, Xe—, dz)dt,
t
¢=inf{t>0: / (s, Xs)ds > e}, (1)
0

where Nt(t, x, dz) is a compensated random measure with
state-dependent Lévy measure v(t, x, dz) and € ~ Exp(1) and is
independent of X.
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Bermudan put option

Consider M exercise moments {t1, ..., tps} with payoff at exercise
time t,, to be ¢ (tm, x). The option value v(t,x) is defined
recursively as

V(tMv X) = ]1{C>tM}¢(tMa X)a
and
{C(t,X) =E |:efttm(r+7(s7xs))dsv(tmaXtm)’Xt =X|, te€ [tm—la tm[
V(tm-1,%) = Lyese, 3 max{d(tm—1,x), c(tm-1,x)}, me {2,..., M},

followed by
v(0,x) = ¢(0, x).
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Approximation for expected values

With the COS method we calculate expected values (integrals):

v(t,x) = /Rd)( T,y)[(t,x; T,dy),
N—-1

/ . a -~ k7T
~ > Rele ™=l (t,x T Vi(T
Z e<e <,X, 7b a)> k( )7

k=0 B

2 (P —
(T = 52 [ oo (k5 =2 ) Ty

where [ is the characteristic function.
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COS method for the Bermudan put

Remember we have

c(t,x) = e"(f'"‘t)/ V(tm, V)T (E, X; tm, dy),  t € [tm_1, tm]-
R

Using the Fourier-cosine expansion we get:

N-1

. a A~ k
6(t,X) _ e—r(fm—t) Z/ Re (elkﬂba [ (t7 X; tm, b—7ra>> Vk(tm),

k=0

Viltm) = 52 [ cos (et =2 ) max{o(tm. ). c(tm. )}
k\tm _b—a acos 7Tb_a max myY ) C\tm, Y Yy,
with ¢(t,x) = (K — )" and V,(tn) computed recursively.
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Adjoint expansion of the characteristic function
The option price can be represented in integral form as

ultx) = [ SN T ), B
which solves the Cauchy problem
Lu(t,x) =0, tel0,T[, x € R, 3)
u(T,x)=d¢(x), x€eR,

where L is the integro-differential operator

L= 0¢ + rox +v(t,x)(0x — 1)

0'2 X
(;)(axx_ax)_éy(t7xvdz)(ez_1_2)8X

—l—/ u(t, x, dz)(e*% — 1 — z9,).
R
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A Taylor expansion of the coefficients

Use an expansion of the space-dependent coefficients in the
operator L around some point X.
Consider for simplicity only a local-volatility. Define

2 k(s
a(t,x) = 2 (;’X), ax = 8XZ'(X)

The nth-order approximation of L is

L= Lo+ > (0 %) ar(0ue - 02)).

k=1
Lo =0¢ + rdx + ap(Oxx — Ox).

Notice that

Lh — [—h—l = (X - >‘<)hah(8xx - 8X)
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Cauchy problems of the expansion
The nth-order approximation of I is defined as

FO(e,x; T,y) =Y G*(t,x T, y),
k=0

with G° solving
LoGO(t,x; T,y) =0,
GYT, T,y)=4,.
and G* for k > 1 defined through
k
LG (t,xi Toy) = = X (Ln = Lp-2) G (X T, y),
h=1

GK(T,x; T,y)=0.

forte [0, T[, xeR
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Solving the Adjoint Cauchy problems in Fourier space

The nth-order approximation of the characteristic function [ is
defined to be

P (t,x; T,€) = zn:f (Gk(t,x; T, -)) (€)= 2”: GK(t,x; T, ), € eR.

k=0 k=0

Note that Fourier transform is taken with respect to (T, y), but L
acts on (t, x). We will:

» Define the functions G°(t,x; -, ) and G*(t,x;-,-), k > 1
through the Cauchy problems with the adjoint operator

Z(()T’y) and Z;T’y) — ZE:’{)

> Solve the adjoint Cauchy problems in the Fourier space. This
immediately gives I'.
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Theorem (Dual formulation)

The function GO(t, x; -, ) is defined through the following dual Cauchy
problem

ZgT’y)Go(t,x; T,y)=0 T>t yeR,
GO(T,X; T,:) =dx.

For any k > 1the function G (t, x;-,-) is defined through

; koo )
L 6K(tx T,y) = - Py (LT = 1) 6% (e, xi T y)

=1
GH(T.x; T,y)=0 )

with Z(()T’y) and Z%T’y) — Z%i’{/) being the adjoint operators.
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Solution in Fourier space
We have
i(Ty) _ _ 9 _
LO = 0T ray + ao(8yy + 8y).
Then

F (L6528, xi T,9) (€) = (€ 6X(t.x; T,€)~0r GH(t,x; T ),
where

D(€) = i€r + ao(—€% — i€).
Then the solution to the adjoint Cauchy problems is given by

Go(tv)(; T»&) = ef§X+(T—t)’¢1(§)’
k
GH(t,x; T,€) = —/ eV O(T=9) F (Z (L(s I ) GK"(t,x;s, )> (&)ds.
t h=1
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The characteristic function

The approximation of order n of the characteristic function is of
the form

n

POt T,€) = ey (x = %) gnn(t, T, €),
h=0

where the coefficients g, 5, with 0 < h < n, depend only on t, T
and &, but not on x.
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Back to the Bermudan option valuation [1/2]

Remember we had to value the continuation value of the form:

N-1

~ —r _ / kw2~ kT
C(t,X) = e (tm+1—t) ;} Re <e k b—a[ <t7X; tm+17 b—a>> Vk(tm+1)7
2 b —a
Vitm) = —— | cos ( kr2—2 ) max{¢(tm, y): c(tm, y) }dy.
b—al/, b—a o ’

We can rewrite

2 [P -

« —
Xm

with x;, being the early-exercise point such that
c(tm, xp) = &(tm, X)-
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Back to the Bermudan option valuation [2/2]

Inserting ¢(t, x) into the formula for Vi (tm,) we find in vectorized

form:
Z e~"(tni1-tn)R¢ (M (x" b)uh> C @
with
MP (x b) = —2 /be “(x—x)cos [ kr—2 ) dx (5)
ki m> b—a /. b—a

The matrix-vector multiplication M(x,, b)u can be calculated
using a fast Fourier transform.

Borovykh Dipartimento di Matematica, Universita di Bologna, Bologna, Italy

nudan options under local Lévy models wi



A quick example

Consider a process under the CEV-Merton dynamics with local
vol. and Gaussian jumps.

Table: Prices for a European and a Bermudan Put option (7 =1 and
10 exercise dates) in the CEV-Merton model for the 2nd-order
approximation of the characteristic function, and a Monte Carlo
method.

| European Bermudan

K | MC 95% c.i. Value MC 95% c.i. Value
0.8 | 0.02526-0.02622 | 0.02581 | 0.02617-0.02711 | 0.02520
1 0.08225-0.08395 | 0.08250 | 0.08480-0.08640 | 0.08593
1.2 | 0.1965-0.1989 0.1977 | 0.2097-0.2115 0.2132
1.4 | 0.3560-0.3589 0.3574 | 0.3946-0.3957 0.3954
1.6 | 0.5341-0.5385 0.5364 | 0.5930-0.5941 0.5932
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